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　　Abstract　　A nonlinear opt imization method is applied to sensi tivi ty analysis of a numerical model.Theoretical analysis and numeri-
cal experiments indicate that this method can give not only a quant itative assessmen t whether the numerical model is able to simulate the

observations or not , but also the ini tial field that yields the optimal simulation.In part icular , w hen the simulation results are apparent ly
satisfactory , and somet imes both model error and initial error are considerably large , the nonlinear optimization method , under some con-

dit ions , can identify the error that plays a dominant role.
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　　The accuracy of numerical weather prediction

decreases as the fo recast time increases due to initial

errors and model errors.To reduce these errors , me-
teorologists have perfo rmed numerous sensi tivi ty anal-
y ses using the numerical simulation , the adjoint

method and the linear singular vecto rs(LSVS)[ 1 ～ 6] ,
etc.When applied in pract ice , these methods appear
more or less unsat isfactory .Fo r example , the numer-
ical simulation method canno t give all possible signifi-
cant initial fields or combinations of physical processes

and parameters[ 7] .The adjoint method used by previ-
ous autho rs and the LSVS are based on the linear the-
ory , and only describe the development of small per-
turbations during the validity period of the tangent

linear model
[ 5]
.

It is suggested by M u et al.[ 8] that the nonlinear
optimization method can be applied to sensi tivi ty anal-
y sis of a numerical model.However , Mu et al.only
briefly described the method as one of nonlinear opti-
mization problems in atmospheric and oceanic science ,
and did not verify the results f rom the numerical ex-
periments.

This paper , based on Mu et al.
[ 8]
, int roduces

the nonlinear optimizat ion method fo r sensi tivi ty anal-
y sis of numerical model in detail.Besides , it further

investigates how to identify the error type that plays a

dominant role in the prediction results , especially
w hen the simulation results are apparent ly satisfacto-
ry , and both the model erro r and ini tial erro r are no-
tably large.As an example , w ith the two-dimensional
quasi-geostrophic equat ion , we perfo rm a series of nu-
merical experiments to verify the theoretical results.

1　Method

Given the model Υt =M t(Υ0), t ∈[ 0 , T ] , the

observation Υ
o
0 at time 0 and Υ

o
T at time T , we w ant

to find the init ial field Υ0 that yields the optimal sim-

ulation for Υ
o
T.The problem now becomes an opt i-

mization problem:find the opt imal Υ0 such that the

cost function

J(Υ0)=
1
2
(M T(Υ0)-Υ

o
T)

T
W(M T(Υ0)-Υ

o
T)

(1)
is minimum .W is the matrix of weighting coeff i-
cients matrix w hich is the inverse of the covariance

matrix of the observat ional erro r.In order to mini-
mize J(Υ0), we need the information on the gradient
of J(Υ0)w ith respect to Υ0.Because the number of
control variables in a typical meteorological model is

on the order of 10
6
, the adjoint method is int roduced



to compute the gradient[ 9] .Using variational princi-
ple fo r(1), there is

δJ(Υ0)=〈W(M T(Υ0)-Υ
o
T), δΥT〉, (2)

where δΥT is the development at time T of the initial

perturbation δΥ0.Int roducing the tangent linear op-
erator M T of M T and substituting it into (2), we
have

δJ(Υ0)=〈W(M T(Υ0)-Υ
o
T), M T(Υ0)δΥ0〉.

(3)

Moreover , int roducing the adjoint propagator M
＊
T of

M T we obtain

δJ(Υ0)=〈M
＊
T(Υ0)(W(M T(Υ0)-Υ

o
T)), δΥ0〉.

(4)
Thus , the g radient of J(Υ0)w ith respect to Υ0 is e-
qual to

J(Υ0)=M
＊
T(Υ0)(W(M T(Υ0)-Υ

o
T)).(5)

Then w e can minimize J and f ind the optimal initial

field Υ
＊
0 w ith the optimization algorithm.

2　Theoretical analysis

Let E =minJ(Υ0).For a given error bound ε,
there are two cases for E :

E >ε,
0 <E ≤ε.

When testing a model , E >εmeans that even if

w e get the optimal initial field Υ
＊
0 , the model is not

able to simulate the observation Υ
o
T properly in the

g iven error bound ε.Namely , no matter how w e ad-

just Υ0 , a satisfacto ry simulation for Υ
o
T cannot be

obtained.Then w e can conclude that the model erro r
is considerably large so that the model needs to be im-
proved.

Then we consider the case 0<E ≤ε.Now the

numerical solution ΥT =M T(Υ0)and the observation

Υ
o
T have no apparent difference , which indicates that

a satisfactory simulat ion can be obtained by adjusting

the initial f ield Υ0.It should be pointed out that , in
this case , the model errors could be large too , which
w ill be discussed later.With a given norm , defining a
maximum allowable init ial error ε0 , we have three

cases now :

‖Υ
＊
0 -Υ

o
0 ‖  ε0 ,

‖ Υ
＊
0 -Υ

o
0 ‖ ～ ε0 ,

‖ Υ
＊
0 -Υ

o
0 ‖  ε0.

(a)

(b)

(c)

When the model error is small , the model can
simulate the movement of atmosphere very well.We

can estimate the observation based on (a), (b)and

(c).In(a), a satisfactory simulat ion for the observa-

tion Υ
o
T can be obtained from the existing observat ion

Υ
o
0 directly.We do not need to treat the initial field

Υ0 of the model particularly , and some o rdinary in-

terpolation is enough.In (b), a satisfacto ry simula-

tion for Υ
o
T cannot be obtained from Υ

o
0 direct ly .But

if w e improve the ini tial field Υ0 of the model(for ex-
ample , by assimilation method), a satisfactory simu-
lation can be obtained too.In(c), the existing obser-
vation lacks enough information , and cannot repre-
sent the real w eather and climate processes.If we

w ant to obtain a satisfactory simulation for Υ
o
T , we

should intensify the observational netw ork to get

more detailed observation than the existing one.

In case that the observational error is small , the
observation is close to the real development of atmo-
sphere.We can evaluate the model erro r based on

(a), (b)and(c).In(a), the model erro r is small ,

and a satisfactory simulation for the observat ion Υ
o
T is

easily obtained by adjust ing the ini tial field Υ0.In
(b), there are certain model errors , but a satisfactory
simulation can also be obtained by adjusting Υ0 in the
allowable error bound.It is in fact that an inaccurate
model plus an inaccurate initial field produces a satis-
facto ry simulation.In (c), the difference between

Υ
＊
0 and Υ

o
0 is too large , Υ

o
0 is close to the real state ,

so Υ
＊
0 has no physical significance.We can conclude

that the model error is large , a sat isfactory simulat ion

fo r Υ
o
T is illusive , and mo re work should be done to

improve the numerical model.

In practice , it is common to evaluate the model

error by comparing the numerical simulation wi th a

relatively accurate observation , or assess the observa-
tion by comparing it w ith a relat ively accurate numer-
ical simulation.In these tw o cases , we can obtain

some significant conclusions by the above analytical

method.However , due to some objective reasons ,
when the model and observation are bo th considerably

inaccurate , the applicability of the nonlinear opt i-
mization method to sensitivity analy sis is limited.In
this case , when minJ >ε, as mentioned above , the
model error is considerably large , and the model

needs to be improved.When 0<minJ ≤ε, a satisfac-
to ry simulation can be obtained by adjust ing the init ial
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field Υ0 , but bo th model erro r and observational erro r
may be large.Let ε0 be the observational precision

that is usually known.If ‖Υ
＊
0 -Υ

o
0 ‖  ε0 appears ,

the opt imal initial f ield Υ
＊
0 is far from the real state

of atmosphere , and has no physical significance ,
which implies that the model erro r is large.In other
cases , we canno t obtain some signif icant conclusions

by the nonlinear opt imization method.

In summary , we can get some inst ruct ive con-
clusions by the nonlinear optimizat ion method fo r sen-
sitivity analysis of a numerical model.In the nex t

sect ion , we will continue to discuss it with numerical
experiments.

3　Numerical experiment

The nondimensional governing equation is

 P
 t
+ (Υ, P)=0 ,

P = 2Υ-FΥ+ f +fh ,
Υ|t=0 = Υ0 ,

(6)

where P is the potential vo rt icity , Υ the st ream

function , F the Planetary Froude number , f the

Coriolis parameter , H the characteristic vertical

depth of the baro tropic atmosphere and h the topog-
raphy .The Jacobian operator is  (Υ, P)=ΥxPy -
ΥyPx.

Eq.(6) is solved under a double periodical

boundary condition.Arakawa finite difference scheme
is used to discretize the Jacobian operator.The tem-
po ral discret ization is Adamas-Bashforth scheme.The
familiar five-point dif ference scheme is employed to

discretize the Laplacian operator.We take the space

domain [ 0 ,6.4] ×[ 0 ,3.2] , the space step d =0.2
and the time step t=0.018 , corresponding to the di-
mensional case [ 0 , 6400 km] ×[ 0 , 3200 km] , 200 km
and 30 minutes , respectively.The parameters are

F =0.102 , f =10.0 , and H=1.0.The topography
is h(y)=h 0×0.112×(sin(4πy/3.2)+1.0)where
the model error is introduced by changing h 0 , and
h 0=1.0 denotes the model is accurate.

The “observation” is obtained by adding some

normal random perturbations to the true value Υ
tru
t

obtained by integ rating the accurate model with

Υ
tru
0 (x , y)=sin(2πy/3.2)+0.1×sin(2πx/6.4)+

0.25.That is , Υ
o(a)
t =Υ

tru
t +a ×Υ′t where Υ′t is a

normal random perturbation , a a coef ficient deno ting

the error and Υ
o(0.0)
t equal to Υ

t ru
t .

The cost function is as(1)where W is diagonal

and normalized.Euclidian norm is employed.The
optimization algorithm adopts the limi ted memory

Broyden-Fletcher-Goldfarb-Shanna method (the lim-
ited memory BFGS method)[ 10] .

Numerical experiments include tw o parts:to as-
sess the observ ation w hen the model error is small and

to evaluate the model error w hen the observational er-
ror is small.

3.1　When the model error is small

When h0=1.0 and there is no model error , let
a=0.05 , 1.0 o r 2.0.Then w e have obtained three

different observations Υ
o(0.05)
t , Υ

o(1.0)
t and Υ

o(2.0)
t for

3-day , 5-day and 7-day numerical experiments.The

7-day results are show n in Table 1 , where Υ
f
7 is the

7-day model forecast of the initial observation Υ
o(a)
0 .

Table 1.　The 7-day results without model error
(ε=3.1 , ε0=1.6)

E=minJ ‖ Υ＊0 -Υ
o(a)
0 ‖

‖ Υf7-Υ
o(a)
7 ‖

‖ Υo(a)7 ‖
(%)

a=0.05 7.926×10-5 0.1409 1.6

a=1.0 4.362×10-3 1.648 41

a=2.0 4.706×10-2 2.532 63

　　Here , as to a =0.05 , there are minJ <εand

‖ Υ
＊
0 -Υ

o(a)
0 ‖  ε0 for 7-day run.The init ial ob-

servat ion Υ
o(a)
0 can be used as the initial value of the

model direct ly to yield the sat isfactory simulation for

the observation Υ
o(a)
7 .As to a=1.0 , there are minJ

<εand ‖ Υ
＊
0 -Υ

o(a)
0 ‖ ～ ε0.The satisfactory sim-

ulation fo r Υ
o(a)
7 cannot be obtained direct ly f rom

Υ
o(a)
0 .But if we improve the initial field Υ0 of the

model by an assimilation method , a sat isfactory 7-day
simulation can be obtained too.As to a=2.0 , there

are minJ <εand ‖ Υ
＊
0 -Υ

o(a)
0 ‖  ε0.Because the

existing observation lacks enough information , we
should improve the existing observational data to ob-
tain a satisfactory simulation fo r Υ

o(a)
7 .

When h0 =0.99 and the model has some small

errors , the numerical results are the same as when

h0=1.0 and the model has no model error.Tables
are neglected.
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3.2　When the observational error is small

In the case w ithout the observational error ,

namely , when a=0.0 and the observation is Υ
o(0.0)
t ,

we introduce three model errors h0=0.99 , h0=1.3
and h0=1.8 respectively fo r 3-day , 5-day and 7-day
numerical experiments.The 7-day results are show n

in Table 2.

Table 2.　The 7-day result s w ithout observational error
(ε=3.1 , ε0=0.90)

E=minJ ‖ Υ＊0 -Υ
o(0.0)
0 ‖

‖ Υf7-Υ
o(0.0)
7 ‖

‖ Υo(0.0)7 ‖
(%)

h 0=0.99 1.398×10-7 3.480×10-2 1.5

h 0=1.3 5.998×10-4 0.8891 61

h 0=1.8 4.508×10-1 1.441 127

　　Here , when h 0=0.99 , there are minJ <εand

‖ Υ
＊
0 -Υ

o(0.0)
0 ‖  ε0.The model error is very

small , and the sat isfactory simulat ion for the observ a-

tion Υ
o(a)
7 can be easily obtained by adjusting the ini-

tial field Υ0.When h0=1.3 , there are minJ <εand

‖Υ
＊
0 -Υ

o(0.0)
0 ‖ ～ ε0.There exist certain model er-

rors , but the satisfactory simulation can also be ob-
tained by adjusting the initial field in the allow able er-
ror bound.When h0 =1.8 , there are minJ <εand

‖Υ
＊
0 -Υ

o(a)
0 ‖  ε0.The opt imal initial field Υ

＊
0

has no phy sical signif icance , the model error is large
and the satisfacto ry simulation is illusive.

When the observation has small erro r (for the

observat ion Υ
o(0.05)
t ), the numerical results are the

same as w hen the observation has no error (for the
observat ion Υ

o(0.0)
t ).Tables are neglected.

4　Conclusion and discussion

With the two-dimensional quasi-geost rophic
model , we explo re the application of the nonlinear op-
timizat ion method to sensitivity analysis of a numeri-
cal model.The results suggest that by this method

the abili ty of a model simulating the observation can

be assessed quantitat ively , and even the initial field

that y ields the optimal simulation can also be found

out , which therefore become the main advantages of
the nonlinear optimization method compared to o ther

sensi tivi ty methods.Besides , fo r the si tuation that

the modeling is apparent ly satisfacto ry , we also ex-
plore the model error and initial error of the numerical

model.It is show n that , in this case , the model error
and initial error may be large.However , there is evi-
dence that nonlinear optimization method , under
some condi tions , can identify the error that con-
t ributes dominant ly to the uncertainties of the simula-
tion results.

Although the tw o-dimensional quasi-geost rophic
model is simple , the theo retical analy sis of the nu-
merical results is obtained logically.Therefore , it is
reasonable to consider that for the complex models ,
nonlinear optimization method is of impo rtance in the

investigation of sensitivity analysis of a numerical

model.
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